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Dispersive readout of ferromagnetic resonance for strongly coupled magnons
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We demonstrate the dispersive measurement of ferromagnetic resonance in a yttrium iron garnet sphere
embedded within a microwave cavity. The reduction in the longitudinal magnetization at resonance is measured
as a frequency shift in the cavity mode coupled to the sphere. This measurement is a result of the intrinsic
nonlinearity in magnetization dynamics, indicating a promising route towards experiments in magnon cavity
quantum electrodynamics.
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I. INTRODUCTION

The dispersive limit of interaction between two coupled
oscillators occurs when they are significantly detuned from one
another, but their amplitudes and frequencies are still linked
contingent on a nonlinearity in some part of the system. In this
coupling regime the probing of one oscillator can be used to
infer the properties and state of the other [1] with a well-defined
and limited backaction [2]. The use of dispersive measurement
techniques has allowed photon number measurement [3–5]
in cavity quantum electro-dynamics (QED), been applied to
mechanical resonators [6] coupled to both optical [7] and microwave cavities [8], and has been central to the measurement
of individual [9,10] and coupled [11] superconducting qubits
in circuit QED.
In this article we demonstrate the dispersive measurement
of ferromagnetic resonance (FMR) in a ferrimagnetic insulator
strongly coupled to a microwave cavity [12]. This system
has been the subject of recent interest in the dynamics of
hybrid magnon-photon modes [13], with the prospect of
coherent control of long-lived single magnon states at low
temperatures [14] and the coupling via the resonator to qubits
[15] or other magnetic elements [16]. While conventional
FMR measures how the complex susceptibility tensor depends
on frequency and magnetic field [17], here we measure the
change in longitudinal magnetization, a quantity proportional
to the magnon number. The experiment demonstrates that the
methods of cavity QED can be applied in this system at room
temperature, albeit in the classical limit of many magnons and
photons, differentiating this work from previous measurements
of longitudinal magnetization by inductive coupling [18],
magneto-optical methods [19,20], Brillouin light scattering
[21], and magnetic resonance force microscopy [22,23]. We
note that dilute paramagnetic spin ensembles have previously
been measured dispersively [24,25] motivated by the prospect
of storing quantum information in a spin ensemble [26].
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However, due to the absence of exchange coupling in these
paramagnetic systems low temperatures and large static fields
are needed to polarize the system to allow access to distinct
magnon modes [27].

II. EXPERIMENTAL SETUP

Our microwave cavity is constructed from a 28-mm length
of semirigid copper coaxial cable of diameter 3.5 mm
[Fig. 1(a)], chosen to give a resonance at around 3.5 GHz
for the fundamental mode. Capacitive couplings to the input
and output of the resonator are achieved via a <1-mm gap
between the inner conductor of the cavity and two cables
which connect the device to the measurement instruments.
To ensure that the cavity is symmetric and undercoupled the
capacitor gaps are adjusted at each end while measuring the
reflection coefficients S22 and S11 , and we achieve a loaded Q
factor of 260 which can be compared to an internal Q factor
of 515. The 1-mm-diameter YIG sphere is embedded within
the dielectric of the semirigid cable, at the antinode of the
magnetic field. The cavity is mounted in an electromagnet,
with its long axis parallel to the applied field direction.
Transmission measurements are made with a vector network
analyzer, with an additional microwave source coupled in
via a power combiner to allow two-frequency measurements
[Fig. 1(b)].
Strong coupling of the uniform ferromagnetic resonance
mode to the fundamental mode of the electromagnetic resonator is demonstrated by a measurement of the transmission
amplitude |S21 | as a function of magnetic field and probe
frequency ωp [Fig. 1(c)]. The characteristic frequency splitting
of the coupled modes observed at the degeneracy point
gives a coupling rate of g/2π = 130 MHz, greater than
the linewidth of both the cavity mode and the FMR mode
(κ/2π = 14 MHz and γ /2π = 6 MHz respectively). This

104410-1

©2015 American Physical Society

HAIGH, LAMBERT, DOHERTY, AND FERGUSON

PHYSICAL REVIEW B 91, 104410 (2015)

FIG. 1. (Color online) (a) Schematic of the semirigid coaxial
resonator with YIG sphere inside. (b) Circuit equivalent diagram
of the measurement setup and cavity. The probe tone ωp and mixing
are provided by a vector network analyzer (blue) while FMR drive
tone ωd is from a separate microwave source (red). (c) Transmission
|S21 | through cavity as a function of magnetic field, demonstrating the
strong coupling of the uniform FMR mode (blue arrow) to the λ/2
cavity mode (red arrow). In addition, a number of other spin wave
modes in the sphere couple to the cavity; the strongest is indicated
by the green arrow. Inset shows a reference map of the measurement
region over the modes of the system (only the uniform FMR mode is
shown).

indicates that the strong coupling regime g  κ,γ is achieved,
with a co-operativity (g 2 /κγ ) of around 200. In addition to
the uniform mode, other nonuniform magneto-static modes in
the sphere [28,29] couple to the resonator due to the radial
dependence of microwave field in the cavity. One of these,
indicated by the green arrow in the figure, with a coupling rate
of ≈35 MHz, is also strongly coupled to the resonator.
III. DISPERSIVE MEASUREMENTS

To perform the dispersive measurement we move away
from the degeneracy point by tuning the static magnetic field
so that the FMR mode and cavity mode are not resonantly
coupled. Two microwave tones are applied to the cavity. We
monitor the phase of a transmitted probe tone ωp close to the
cavity resonance ωc as a drive tone ωd is swept across the
resonant frequency of the FMR mode. As shown in Fig. 2(a),
when the drive tone is resonant with the FMR mode there
is an increase in the phase of probe tone of nearly 1 mrad,
corresponding to a cavity frequency shift of +5 kHz. This
measurement is repeated for different external magnetic fields
[Fig. 2(b)]. The two FMR lines which couple most strongly to

FIG. 2. (Color online) Dispersive measurement. (a) Phase shift
of the probe tone ωp (−10 dBm) at the resonant frequency of the
cavity as a function of the drive frequency ωd , for input drive power
25 dBm (off resonance with the cavity a large amount of power is
reflected). The field is fixed at μH0 = 1800 G. A slow time-dependent
phase drift and field-independent background have been subtracted.
The dashed line is a fit to the square of a Lorentzian [square of Eq. (2)],
appropriate since we are sensitive to the square of the transverse
magnetization. The fit gives the magnon decay rate γ /2π = 6 MHz.
(b) Phase shift as a function of magnetic field and drive frequency.
Probe frequency tracks the resonance frequency of the cavity,
≈3.55 GHz, as a function of field.

the cavity are visible and the field dependence of the uniform
mode [30] yields the gyromagnetic ratio γ = 28.6 GHz T−1 .
The variation with static magnetic field is used to study
the dispersive measurement as a function of detuning between
cavity and FMR mode frequencies,  = ωf − ωc . The change
in the cavity frequency when the drive tone is applied, ωc , is
computed from the measured phase change in ωp and follows
a 1/ dependence as indicated by the dashed fitted line in
Fig. 3(a). We also measure the equilibrium cavity frequency
shift with the drive tone turned off, obtained from the peak in
transmission amplitude as a function of the probe frequency,
also well fitted by 1/ [Fig. 3(b)].
The dispersive measurement can be understood by considering the susceptibility χ = χ  + iχ  transverse to a large
static field of a uniformly magnetized ferromagnetic sphere.
In the small amplitude limit [31],

104410-2

χ =

γ M0 (ωf − ω)
,
(ωf − ω)2 + ωf2 α 2

(1)

χ  =

αγ M0 ωf
,
(ωf − ω)2 + ωf2 α 2

(2)
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FIG. 4. Percentage change in longitudinal magnetization Mz as a
function of detuning.

ωc , which then also follows a 1/ dependence as observed
in the experiment.
From our measurement we obtain an estimate of the
change in Mz through comparison of the two frequency shifts
discussed:
χ
ωc
Mz
≈
.
(4)
≈
ωc − ωc0
χ
M0

FIG. 3. (Color online) Dependence of measurements on detuning
between cavity and FMR mode frequencies. (a) Change in cavity
frequency due to FMR, taken from peak amplitude in phase change
plotted in Fig. 2(a). (b) Change in cavity frequency due to the
equilibrium susceptibility of the sphere from that when χ = 0. The
value of ωc 0 is obtained from the offset in the 1/ fit. (c) For
reference, the calculated general form of dispersive and dissipative
susceptibility of the sphere as a function of detuning from the FMR
resonance, from Eqs. (1) and (2), for low damping α.

This results in the data plotted in Fig. 4, where it is seen that
the amplitude of the change in Mz is independent of detuning.
Figure 5(a) shows the peak frequency shift as a function
of the power of the FMR drive tone. The shift is linearly
proportional to the power, and therefore quadratic in the
magnetic field amplitude. This is due to the fact that we
are sensitive to the square of the transverse magnetizations,
which are themselves linear in the applied rf field as given

where ωf = γ H0 is the resonant frequency, γ is the gyromagnetic ratio, and α is the Gilbert damping coefficient.
For large detuning  = ωf − ωc  ωf α the susceptibility is
dominated by the dispersive (real) part, and reduces to
χ∼

γ M0
.


(3)

The change in susceptibility during the magnetization
precession is taken into account through the change in
the projection of the magnetization along the static field
direction. The condition that |Mz |2 + |My |2 + |Mx |2 = M02
|M |2 +|M |2

gives |Mz | ≈ M0 (1 − x 2M 2 y ) for Mz  Mx ,My [32]. Re0
placing M0 with Mz in Eq. (3) results in a reduction in
the dispersive susceptibility by a factor Mz /M0 . Cavity
perturbation theory [33] indicates that a small change in
some part of the material properties of the cavity results
in a proportional change in frequency, in our case the only
modification is that of the permeability μ = μ0 (1 + χ ) of the
sphere [34]. The equilibrium cavity shift from its bare value
ωc0 for χ = 0 is then proportional to the susceptibility given
by Eq. (3). When we additionally drive FMR, the reduction of
this susceptibility by Mz /M0 gives rise to the frequency shift

FIG. 5. (a) Dependence of the cavity frequency shift on the FMR
driving microwave power at fixed static magnetic field μ0 H0 =
180 mT. A linear fit to the data is shown. (b) Power dependence
of the cavity frequency shift as a function of probe power at the
cavity resonance frequency for the same static field.
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by the susceptibility relation. Figure 5(b) shows the dispersive
measurement as a function of the power of the probe tone. Here
there is no dependence of the amplitude of the frequency shift
over a wide range of powers, with the only change being in the
signal-to-noise ratio improving as the probe field is increased.
IV. DISCUSSION

Recent work on magnon-photon interactions [13,16] has
analyzed this system in terms of a fully quantum mechanical
Hamiltonian [35]. As such, it is useful to discuss a description
of our measurements based on this model. In the dispersive
limit   g, degenerate second-order perturbation theory
gives an effective Hamiltonian analogous to circuit QED [36].
In the rotating frame at the drive frequency ωd we obtain
Heff = f Jz + c a † a + g0 (βJ + + β ∗ J − )



2g 2
g2
1
+  0 a † aJz + 0 Jz + Jx2 + Jy2 ,




(5)

where f = ωf − ωd is the drive detuning from the FMR
mode, c = ωc − ωd is the drive detuning from the cavity,
and Jz is the large angular momentum associated with
the magnetization Mz . J + and J − are the corresponding
angular momentum raising and lowering operators and β
is proportional to the amplitude of the microwave drive at
frequency ωd . Here we use the single spin coupling
√ rate g0
related to the measured total coupling by g = g0 N . The
first two terms are the bare uniform ferromagnetic mode and
cavity mode with lowering operator a. The third represents
the microwave driving of the FMR mode with amplitude
β and frequency ωd . The last two terms are the ones that
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[35] Ö. O. Soykal and M. E. Flatté, Strong field interactions between a
nanomagnet and a photonic cavity, Phys. Rev. Lett. 104, 077202
(2010).
[36] A. Blais, R. S. Huang, A. Wallraff, S. M. Girvin, and R. J.
Schoelkopf, Cavity quantum electrodynamics for superconducting electrical circuits: An architecture for quantum computation,
Phys. Rev. A 69, 062320 (2004).
[37] C. M. Caves, K. S. Thorne, R. W. P. Drever, V. D. Sandberg,
and M. Zimmermann, On the measurement of a weak classical
force coupled to a quantum-mechanical oscillator. I. Issues of
principle, Rev. Mod. Phys. 52, 341 (1980).
[38] E. A. Turov, in Ferromagnetic Resonance, edited by S. V.
Vonsovskii (Pergamon Press, Oxford, 1966), pp. 78–126.
[39] M. Gilleo and S. Geller, Magnetic and crystallographic properties of substituted Yttrium-iron garnet, 3Y2 O3 · xM2 O3 · (5 −
x)Fe2 O3 , Phys. Rev. 110, 73 (1958).
[40] M. Brune, S. Haroche, J. M. Raimond, L. Davidovich, and
N. Zagury, Manipulation of photons in a cavity by dispersive
atom-field coupling: Quantum-nondemolition measurements
and generation of “Schrödinger cat” states, Phys. Rev. A 45,
5193 (1992).

104410-5

